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We study the ratio of pairs of adjacent correlators of Coulomb-branch operators in SU(2) N = 2
sqcd with four flavors within the framework of the large quantum number expansion. Capitalizing
on the order-by-order S-duality invariance of the large-R-charge expansion, we compute ab initio
the dependence of the leading large-J behavior on the marginal coupling τ and we find excellent
agreement with numerical estimates from localization.
I. INTRODUCTION
The large quantum number expansion (lqne) [1–5] is
a surprisingly precise approximation scheme that applies
to generic quantum field theories (qfts) with global sym-
metries and allows to compute correlation functions in
strongly coupled systems. While generally, not much is
known about such systems, in the case of theories with
extended superconformal symmetry, it is possible to check
the predictions of the lqne against supersymmetric lo-
calization results.
In theories with a gauge group of rank one, the cor-
relation functions of Coulomb branch operators of large
R-charge J can be computed in terms of the effective
field theory (eft) of a single U(1) vector multiplet, with a
two-derivative kinetic term, and a single higher-derivative
term proportional to the a-anomaly mismatch between
the U(1) eft and the underlying superconformal field the-
ory (scft) [2, 3]. The case of one-dimensional Coulomb
branch is particularly tractable because there are no su-
perconformal F -terms that can be constructed for a single
U(1) vector multiplet. In general, the only ambiguities
of observables in an eft are unknown Wilson coefficients
plus corrections exponentially small in the ratio of the
ultraviolet (uv) to the infrared (ir) energy scale. Since
the F-term sector of the U(1) eft contains no terms with
adjustable coefficients other than the kinetic term and
Euler term, the correlation functions are computable to
all orders in the inverse R-charge, modulo those two un-
known coefficients. Specifically, the correlation function
of two Coulomb branch operators with scaling dimension
∆ is given by the product of a theory-dependent factor
Cn and a universal one:
〈On∆(x)O¯n∆(y)〉 = Cn
Γ(J + α+ 1)
|x− y|2J
, (1)
where α measures the a-anomaly mismatch between the
underlying conformal field theory (cft) and the moduli-
space eft1, J ≡ n∆ and the n-dependence in Cn takes
1 The normalization of the a-anomaly is chosen so that a free U(1)
the form
Cn = e
nA+B˜ +O
(
e−κ
√
n
)
, (2)
where κ is a coefficient depending on the theory and on
the marginal coupling if any. The A and B˜ coefficients
depend on the (scheme-dependent) kinetic term and Euler
term in the U(1) eft, and the normalization of the chiral
ring generator O∆.
In checking the predictions of the large-charge eft
against other methods such as supersymmetric localiza-
tion, one must either check combinations of correlators
in which the A and B˜ coefficients cancel (as done in the
literature so far [2, 3, 6]), or then carefully match the
scheme-dependent A and B˜ coefficients between the large-
charge eft and the microscopic cft. While possible in
principle, this is somewhat challenging for general N = 2
scfts because in general there is no preferred or canonical
normalization for the chiral ring generator, so any scheme
choice would contain an element of arbitrariness. In theo-
ries with a marginal coupling, on the other hand, there do
exist a preferred class of normalizations for the chiral ring
generator, associated with the tangent bundle over the
“conformal manifold” (the conformally invariant subspace
of theory space). For rank-one theories with marginal
coupling, the chiral ring is generated by a single operator
O whose normalization is related to the normalization
of a holomorphic tangent vector to theory space. More
specifically, for theories with an S-duality symmetry, the
chiral ring generator transforms in a specific way under
S-duality. In practical terms this property gives enough
information to fix a preferred normalization for the chiral
ring generator, and gives a preferred scheme in which
to compute the dependence of the A-coefficient on the
marginal coupling.
In this note we consider the case of N = 2 SU(2) sqcd
with Nf = 4, using its S-duality symmetry to match
the normalization of the chiral ring generator between
the large-charge eft and the underlying cft. With this
vector multiplet has a = 5/24, and α ≡ 2a in those units.
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2matching specified, the A-coefficient is well-defined as
a function of the marginal coupling, and we can use
the consistency conditions of the eft together with the
supersymmetric recursion relations [7–11] to calculate it.
In terms of the marginal coupling τ with respect to which
the recursion relations are satisfied, we find that (up to
exponentially-suppressed gauge-instanton corrections)
A(τ, τ¯) = log
(
1
4(2 Im(τ) + 4/pi log(2))2
)
. (3)
With the A-coefficient specified, we can calculate the large-
charge expansion of ratios of pairs of adjacent correlators,
with the result
〈On(x)O¯n(y)〉
〈On−1(x)O¯n−1(y)〉 '
(4n+ 1)(4n+ 3)
64
(
Im(τ) + log(4)pi
)2
|x− y|4
,
(4)
where the ' indicates corrections going as e−κ
√
n at fixed
τ , and as e2piiτ at fixed n. Checking this against su-
persymmetric localization results, we find highly precise
numerical agreement of the order of one part per ten
thousand or better in the appropriate regime.
The outline of this note is as follows: first we recall
some results in the lqne for rank-one scfts and show that
the A coefficient obeys a Liouville equation (Section II).
Then we discuss the relationship between two important
parametrizations of the conformal manifold, in terms of
the microscopic coupling τ and the S-duality-covariant
coupling σ (Section III). In the σ-frame the correlation
functions transform as nonholomorphic modular forms
under the action of S-duality (Section IV), which imposes
strong constraints on the form of the solution to the
Liouville equation (Section V). The solution is completely
identified by matching with the known weak-coupling
asymptotic behavior (Section VII). Finally, we compare
our prediction with numerical results from localization
(Section VIII).
II. RECURSION RELATIONS AND LARGE
R-CHARGE
The strategy used in [2, 3] is to combine some elemen-
tary properties of the large-charge eft with the supersym-
metric recursion relations [7, 11] obeyed by correlation
functions of Coulomb-branch chiral primaries in gauge
theories with complex marginal coupling τ . The recursion
relations are expressed most naturally in terms of the
quantities
G2n = 〈On(x)O¯n(y)〉 |x− y|4n (5)
or their logarithms qn = log(ZS4G2n). With respect to
τ , the recursion relations take the form of a semi-infinite
Toda lattice equation [7–11]:
∂τ∂τ¯qn = e
qn+1−qn − eqn−qn−1 . (6)
At large n, the system is driven into an Abelian Coulomb
phase, as the operator insertion creates a source for the
Coulomb branch modulus, which acquires a vacuum ex-
pectation value (vev) of order n1/2. For n larger than
g−2ym , the off-diagonal gauge bosons can be integrated out,
and the Coulomb-branch eft becomes parametrically
accurate at finite gauge coupling.
The eft picture sets a boundary condition for the
recursion relations at large n [2], with the result that the
asymptotics must be
ZS4G2n = (2n)! e
nAnα
[
O
(
n0
)
+O
(
n1
)
+ . . .
]
, (7)
where α is fixed by a Weyl a-anomaly coefficient, and the
coefficient A depends on the theory. These asymptotics
hold regardless of whether or not the theory has marginal
parameters; if the theory does have marginal parameters,
then the A coefficient depends on those as well. In this
case, the relation in Eq. (6) implies that A(τ, τ¯) is a
solution to the Liouville equation [3]
∂τ∂τ¯A(τ, τ¯) = 8e
A(τ,τ¯). (8)
Without reference to the recursion relations, the A
coefficient depends on the additional input of the nor-
malization of the chiral ring generator O itself. For a
theory with marginal parameters obeying the recursion
relations, though, this datum is fixed automatically [7, 11]
by the relationship between the marginal coupling and
the Coulomb branch chiral primary. The latter is a super-
conformal descendant of the former, which gives a specific
normalization in the relationship between the marginal
operator and the chiral primary.
This relationship, however, does not resolve the nor-
malization issue per se, because a marginal operator itself
has no preferred normalization either; rather, a marginal
operator is normalized naturally as an element of the
tangent bundle over the conformal manifold. That is, a
marginal operator transforms as a tangent vector under
reparametrization of the coupling constant τ . As a result,
the chiral ring generator O(τ) transforms with a holomor-
phic Jacobian under change of scheme τ → τ ′ = f(τ):
O(τ)→ O′(τ ′) = 1
f ′(τ)
O(τ)
∣∣∣∣
τ=f−1(τ ′)
. (9)
III. SCHEME-DEPENDENCE AND DUALITY
IN N = 2 SUPERCONFORMAL SQCD
In our problem there are two preferred frames for the
parametrization of the conformal manifold:
• The τ -frame, in which the recursion relations are
derived. This is the same normalization scheme
for the marginal operator in which the S4 partition
function was calculated by Pestun in [12]. This
scheme also has a manifest crossing symmetry when
interpreted via two-dimensional quantum Liouville
theory under the agt correspondence [13].
3• The σ-frame, in which S-duality symmetry is real-
ized with the modular group acting on the coupling
σ by rational functions.
The two frames coincide in the case of N = 4 super-Yang–
Mills, but they are different for the conformal sqcd with
G = SU(2) and NF = 4. In the τ -frame the S-duality
symmetry acts as a change of channel in a four-point
function of local operators under the agt correspondence.
Based on this, it is possible to give a map between
the microscopic coupling τ and the S-duality-covariant
coupling σ (called 2τir in [13]) in terms of the modular
lambda function λ(σ) [14]:
e2piiτ = λ(σ). (10)
To make the relationship between the couplings more
concrete we define
q = e2piiτ , y = epiiσ. (11)
Expanding the modular lambda function at large Im(σ),
we have
λ(σ) ' 16y−128y2+704y3−3072y4+11488y5+. . . (12)
so that the relationship between the couplings is
σ ≡ F (τ) = 2τ + 4i
pi
log(2)− i
pi
(
q
2
+
13
64
q2 +
23
192
q3 + . . .
)
(13)
τ ≡ L(σ) = σ
2
− 2i
pi
log(2) +
i
pi
(
4y − 6y2 + 16
3
y3 + . . .
)
.
(14)
For most of the discussion of the large-R-charge expansion,
the instanton corrections will be too small to be relevant.
The constant additive contribution can be thought of
as the threshold correction to the effective Abelian gauge
coupling contributed by integrating out the massive W -
bosons and hyper multiplets, with the log(2) expressing
the logarithmic running of the Abelian gauge coupling
between the mass of the W-bosons and the mass of the
hypers, which differ by a factor of 2. ThisN = 2 threshold
correction played an important role historically in Seiberg–
Witten theory; the nonzero value of the correction was the
first clue indicating a distinction between the microscopic
coupling τ and the naively S-duality-covariant coupling
σ, which were in effect assumed to be equal in the early
literature [15]. We will see that this threshold correction
is distinctly visible to high numerical accuracy as a term
in the large R-charge expansion of the Coulomb branch
correlation functions, compared across various different
values of the microscopic gauge coupling τ .
In the following we will use a hatted notation to dis-
tinguish the operators in the σ frame as opposed to the
τ frame. Let O(τ) be the chiral ring generator, i.e. the
operator whose insertion at the pole is equivalent to dif-
ferentiating log(ZS4) by τ [11]. Instead of a “microscopic”
definition of Oˆ we will give an operational definition: it
is the object whose insertion is defined by differentiating
the logarithm of the partition function with respect to
the modular-covariant coupling2 σ = 8pii/g2ym + θ/pi. The
two are related by
Oˆ(σ) = dτ
dσ
O(τ)
∣∣∣∣
τ=L(σ)
= L′(σ)O(L(σ)). (15)
Given the transformation law for the operators, we come
to the conclusion that when we change the frame from τ
to σ, the correlators
G2n(τ, τ¯) = 〈(On(x)O¯n(y)〉 |x− y|2n∆O (16)
transform as
G2n(τ, τ¯)→ Gˆ2n(σ, σ¯) = |L′(σ)|2nG2n(L(σ), L(σ)).
(17)
IV. CHIRAL PRIMARY OPERATORS AS
HOLOMORPHIC MODULAR FORMS
How does the correlation function of the Coulomb
branch operator Oˆ in the σ-frame transform under mod-
ular transformations? First recall that a modular trans-
formation is a Möbius map of the upper half-plane of the
type
σ → σ′ = ασ + β
γσ + δ
,
(
α β
γ δ
)
∈ SL(2,Z). (18)
A function E(σ, σ¯) is a modular form of weight (k, l) if
under a modular map it transforms as
E(σ, σ¯)→ E(σ′, σ¯′) = (γσ + δ)k(γσ¯ + δ)lE(σ, σ¯). (19)
If we differentiate the logarithm of the sphere partition
function twice, once each with respect to σ and σ¯, we get
an object whose modular transformation has to be the
same as that of a2a¯2, where a is the vacuum modulus that
enters the central charge Z with coupling-independent
coefficient
Z = a(ne + σnm). (20)
Under the S-transformation σ → −1/σ, a transforms as
a→ σa, and under the T transformation σ → σ + 1, a is
invariant. It follows that a transforms as a (1, 0) modular
form
a→ (γσ + δ)a. (21)
2 As always, g2ym is defined so that the single gauge instanton has
action Ssingle instanton = 8pi2/g2ym in the weak-coupling limit.
4But then, the correlation function for the operator Oˆ must
transform as a nonholomorphic modular form of weight
(2, 2):
〈Oˆ(σ) ˆ¯O(σ¯)〉 → (γσ + δ)2(γσ¯ + δ)2 〈Oˆ(σ) ˆ¯O(σ¯)〉 . (22)
More in general, the correlation function Gˆ2n is a modular
form of weight (2n, 2n), and eAˆ is a modular form of
weight (2, 2).
V. LIOUVILLE EQUATION IN THE σ-FRAME
In the τ -frame, the Toda lattice equation implies that
the function A(τ, τ¯) satisfies the Liouville equation [3]
∂τ∂τ¯A(τ, τ¯) = 8e
A(τ,τ¯). (23)
What happens in the change of frame? The Liouville
equation is actually conformally covariant if we let the
Liouville field transform affinely with the log of the Jaco-
bian, i.e. if we let eA transform like a complex differential
form of bidegree (1, 1):
eAˆ(σ,σ¯) =
∣∣∣∣dτdσ
∣∣∣∣2eA(τ,τ¯). (24)
Then Aˆ(σ, σ¯) obeys the same Liouville equation:
∂σ∂σ¯Aˆ(σ, σ¯) = 8e
Aˆ(σ,σ¯). (25)
In a simply-connected domain the general solution is
written in terms of an arbitrary holomorphic function
f(σ) and an arbitrary antiholomorphic function f˜(σ¯):
eAˆ(σ,σ¯) =
∂σf(σ)∂σ¯ f˜(σ¯)
(1− 4f(σ)f˜(σ¯))2 . (26)
In the σ-frame we know that the quantity eAˆ(σ,σ¯) must
transform as a modular form of weight (2, 2); this sets a
useful boundary condition for the Liouville equation. In
practical terms, this boundary condition is most easily
used by imposing a boundary condition on a derived
holomorphic quantity T (σ) which we will construct below,
that transforms under S-duality as a holomorphic modular
form of weight 4. This is unique (up to an overall constant
to be fixed matching with weak-coupling results), which
will give us sufficient information to constrain the solution
Aˆ(σ, σ¯).
Starting from the general form of the solution to the
Liouville equation in Eq. (26), we take the Schwarzian
derivatives of f(σ) and f˜(σ¯),3 T (σ) and T˜ (σ¯):
T (σ) =
f ′′′(σ)
f ′(σ)
− 3
2
(
f ′′(σ)
f ′(σ)
)2
= ∂2σAˆ(σ, σ¯)−
1
2
(∂σAˆ(σ, σ¯))
2,
(27)
T˜ (σ¯) =
f˜ ′′′(σ¯)
f˜ ′(σ¯)
− 3
2
(
f˜ ′′(σ¯)
f˜ ′(σ¯)
)2
= ∂2σ¯Aˆ(σ, σ¯)−
1
2
(∂σ¯Aˆ(σ, σ¯))
2.
(28)
Using the fact that eAˆ is a modular form of weight (2, 2),
we have that under modular transformation T (σ) trans-
forms as
T (σ)→ T (σ′) = (γσ + δ)4T (σ), (29)
and is a modular form of weight (4, 0). In fact, this
property fixes T (σ) up to an overall constant. By con-
struction T (σ) is holomorphic as a function of σ (it is
the Schwarzian derivative of a holomorphic function) and
there is a unique holomorphic modular form of weight
4, i.e. the Eisenstein series E4(σ). Repeating the same
reasoning for T˜ , we find that
(T (σ), T˜ (σ¯)) = (ξE4(σ), ξ˜E4(σ¯)), (30)
where ξ and ξ˜ are constants that are to be fixed using the
boundary condition supplied by weak-coupling informa-
tion.
It is important to note that, while E4 is the unique
holomorphic modular form of weight 4, there are of course
many more meromorphic modular forms of weight 4, or
even more broadly, locally holomorphic modular forms
with branch points, such as for instance E2/36 . But,
since eAˆ is an eft object (an inverse gauge kinetic term-
squared), we know it cannot have singularities except
at points where the eft breaks down and new particles
are integrated in. This does not happen for any finite
coupling in a rank-one scft. The distinction between
holomorphic modular forms versus more general locally
holomorphic modular forms with the same transformation
property may be relevant when considering more general
examples, for instance with higher rank.
VI. CONSTRAINTS FROM WEAK-COUPLING
ASYMPTOTICS
Now we state an important fact: The symmetries of
the problem, together with the Liouville equation, force
the condition T (σ) = T˜ (σ¯) = 0.
At weak coupling (Im(σ) → ∞), the asymptotics of
E4(σ) are
E4(σ) = 1 + 240e
2piiσ + . . . (31)
3 These are essentially the holomorphic stress tensors of classical
Liouville theory, cf. e.g. [16].
5so, in the weak-coupling region the constants ξ and ξ˜ are
(ξ, ξ˜) = lim
Im(σ)→∞
(T (σ), T˜ (σ¯)). (32)
We know from perturbative calculation that at weak
coupling [17–19] in the τ -frame the correlation function
for sqcd can be approximated with the one for N = 4
SU(2) theory:
G2n(τ, τ¯) = G
N=4
2n (τ, τ¯)
(
1 +O
(
Im(τ)−2
))
(33)
and
GN=42n (τ, τ¯) =
Γ(2n+ 2)
Im(τ)2n
. (34)
In this case the α coefficient and the dimension ∆ in
Eq. (1) are respectively α = 1 and ∆ = 2 (see [2]) so we
have that for Im(τ)→∞,
enA(τ,τ¯) = Im(τ)−2n(1 +O
(
Im(τ)−2
)
). (35)
This last identity takes a bit of explanation. What we
really know about weak coupling, directly, is the two-point
function as a function of O2 at weak coupling, or more
generally the nth root of the two-point function of On2 at
weak coupling for some fixed n. A priori this is not the
same thing as eA(τ,τ¯). But in fact the two are the same,
as can be inferred from the weak-coupling double-scaling
analysis of [17]. This analysis shows that the τ−2n term
in the two-point correlator of O2n is just the nth power
of the τ−2 term in the two-point function of O2.
We just need to translate to the σ frame:
Aˆ(σ, σ¯) = A(L(σ), L(σ)) + log
(
|L′(σ)|2
)
= −2 log(Im(σ)) +O(Im(σ)0), (36)
to compute the boundary behavior of T and T˜ :
(ξ, ξ˜) = lim
Im(σ)→∞
(T (σ), T˜ (σ¯)) = (∂2σAˆ(σ, σ¯)−
1
2
(∂σAˆ(σ, σ¯))
2, ∂2σ¯Aˆ(σ, σ¯)−
1
2
(∂σ¯Aˆ(σ, σ¯))
2) = (0, 0). (37)
VII. THE UNIQUE SOLUTION
Now that we know that T (σ) = T˜ (σ¯) = 0, we can
deduce the unique solution to the Liouville equation that
satisfies all the boundary conditions.
The defining property of the Schwarzian derivative is
that it is invariant under Möbius transformations. The
derivative T (σ) = (Sf)(σ) vanishes if and only if f is a
rational function of the form
f(σ) =
aσ + b
cσ + d
. (38)
If f is Möbius and Aˆ is real (so that f˜(σ¯) = f(σ)), a direct
calculation shows that eAˆ has modular weight (2, 2) if and
only if the coefficients a, b, c, d satisfy the constraints
ad¯ = bc¯, cd¯ = 4a¯b, dd¯ = 4bb¯. (39)
Substituting into the expression of the general solution of
Liouville’s equation we find
eAˆ(σ,σ¯) =
1
16 Im(σ)2
. (40)
Transforming back to the τ coordinate we find
A(τ, τ¯) = Aˆ(F (τ), F (τ)) + log
(
|F ′(τ)|2
)
= log
(
1
4(2 Im(τ) + 4/pi log(2))2
)
+O
(
e2piiτ
)
. (41)
This prediction is our main result. It agrees extremely
well with the numerical results from localization in a large
range of couplings and values of n as we will see in the
next section.
VIII. NUMERICS FROM LOCALIZATION
In the previous section we have derived an expression
for the ratio of successive correlation functions, that was
all-orders in n with an exponentially small error, and
exact as a function of the gauge coupling τ . In this
section we will compare this expression with exact results
from localization.
In the τ -frame, the function G2n(τ, τ¯) can be written in
terms of the ratio of determinants of normalized matrices
of derivatives of the partition function ZS4 [11]:
M(n)
∣∣∣∣
kl
=
1
ZS4
∂kτ ∂
l
τ¯ZS4 , k, l = 1, . . . , n− 1 (42)
G2n(τ, τ¯) =
∣∣M(n)∣∣∣∣M(n−1)∣∣ . (43)
In turn, the partition function is an integral of Barnes
G-functions (which are analytic continuations of the su-
6perfactorial):
ZS4 =
∫
da a2e−4a Im(τ)
|G(1 + 2ia)|4
|G(1 + ia)|16 |Zinst(a, τ)|
2
,
(44)
G(n) = (n− 2)$ =
n−2∏
k=1
k!, (45)
where Zinst is the instanton partition function
Zinst(a, τ) = 1 +
1
2
(
a2 − 3)e2piiτ +O(e4piiτ). (46)
In the regime Im(τ) > 1 we can neglect the effect of the
instantons since already at Im(τ) = 2 we find e2piiτ =
O
(
10−6
)
and evaluate the integral numerically. We have
done so for integer values of n between 1 and 35 and
of Im(τ) between 1 and 50. This gives us a way to
verify our predictions. Once more we stress that the
comparison of the linear term in n between the lqne and
localization is only meaningful when the two computations
are performed in the same scheme i.e. with respect to
the same definition of the holomorphic gauge coupling.
In Figure 1 we show the values of the first variation
∆nqn(τ, τ¯) = qn+1(τ, τ¯)−qn(τ, τ¯) as function of n at fixed
values of Im(τ) and as function of Im(τ) at fixed values of
n. The agreement is excellent, as one can verify quantita-
tively by fitting the numerical data to the functional form
A(τ, τ¯) = −k3 log((2 Im(τ) + k2)/k4). The best fit of the
parameters ki is for k2 = 0.8844(4), k3 = 2.00067(6),
k4 = 3.992(1), to be compared to the lqne predictions
of k2 = 4 log(2)/pi ≈ 0.8825 . . ., k3 = 2, k4 = 4.
This agreement between the lqne prediction and the
numerical data allows us to go beyond the perturbative
large-charge expansion that is resummed in the expression
in Eq. (1) and discuss the contributions associated to the
breakdown of the eft. The natural expectation is to
see exponential corrections associated to massive states
with masses above the ir scale. These corrections are
most easily isolated in a double-scaling limit in which one
considers simultaneously large charge, n→∞, and weak
coupling, Im(τ)→∞, keeping the ratio λ = 4pin/ Im(τ)
fixed [17, 18]. In this limit the gauge-instanton corrections
to the partition function ZS4(τ, τ¯) are negligible, and we
can meaningfully compare the lqne and the localization
computation. The final result is that the difference is
extremely well approximated by an exponential of the
type
qn
∣∣∣∣
lqne
− qn
∣∣∣∣
loc
' k5e−k6
√
n/ Im(τ) (47)
with k5 = 1.842(6) and k6 = 3.347(13) (see Figure 3).
Using this fit we find an agreement of the order of one
part per ten thousand at λ = 8pi and one part per million
at λ = 32pi.
IX. ON THE EXPONENTIALLY SMALL
CORRECTION
This type of exponentially small correction associated to
the propagation of particles with mass of order O
(
λ1/2
)
has also been found in the double-scaling limit of [6].
The setup is however different since, while the lqne is
S-duality-invariant term-by-term in the expansion, the
double-scaling limit is not S-duality covariant. For this
reason the two expansions will generically differ.
More specifically, it is not clear that the exponent
k6 need agree with the exponent of the corresponding
exponential correction computed in the douple-scaling
limit of the full correlator. Although both corrections
have a double-scaling form and a physical interpretation
as a massive particle worldline on the scale set by |x− y|,
there is no clear sense in which one is a limit of the other.
The exponent of the exponential correction estimated
here and in [3] comes from subtracting the universal all-
orders formula from the full localization result, and taking
a double-scaling limit of the difference. By contrast the
exponent of the exponential correction in [6], is obtained
from the double-scaling limit of the full correlator. Since
the universal fixed-coupling eft factor does not itself
have a double-scaling limit, the relationship between the
two exponential corrections is unclear theoretically; there
is no a priori reason known to us to expect them to be
equal. Numerically they are close, but the difference may
be significant and could shed light on the relationship
between the fixed-coupling large-charge behavior and the
double-scaling large-charge behavior. Computing the
exponent directly by a worldline computation – either in
the double-scaling limit of the microscopic theory or in the
eft of the fixed-coupling large-charge limit or preferably
in both limits – would be a valuable piece of data to
clarify the issue and we are hopeful this can be attempted
in future work.
X. CONCLUSIONS
The lqne approach is based on the use of symmetries.
In this work we have seen how to take advantage of the
S-duality symmetry to discuss the τ -dependence of the
two-point function of Coulomb branch operators.
Here we have discussed the behavior of the correlation
functions of Coulomb branch operators in N = 2 SU(2)
sqcd with Nf = 4. Specifically, we have computed the
dependence of the ratio of pairs of adjacent correlators
as a function of the marginal coupling τ . In the frame-
work of the large quantum number expansion, this ratio
depends on a function A(τ, τ¯) that is a solution to the
Liouville equation. The crucial observation is that in an
appropriate parametrization of the conformal manifold,
the quantity eA transforms (after rescaling by a Jacobian
corresponding to a change of scheme) as a nonholomor-
phic modular form of weight (2, 2) under the S-duality
symmetry of the theory. This requirement, together with
7the matching of the known weak-coupling behavior of the
correlation functions, fixes the function A completely. We
have also compared the predicted behavior with numerical
estimates obtained using localization. This required a
careful matching of the scheme-dependent quantities is
made possible by the observation that the generator of the
Coulomb branch transforms as an element of the tangent
bundle over the conformal manifold. The agreement is
strikingly good and has allowed us to estimate the leading
behavior of the exponential corrections that signal the
breakdown of the eft.
While here we have used S-duality invariance to con-
strain some correlators, we expect to be able to push this
approach further and use it to derive stringent conditions
on the spectrum of this theory beyond the perturba-
tive regime of the lqne. The lqne must be S-duality-
invariant order-by-order in n. All the power-law terms
satisfy this trivially, being independent of τ identically.
But, the exponentially small corrections are constrained
by S-duality in a useful way, since their behavior depends
nontrivially on the gauge coupling. The constraints of
S-duality on the exponentially small corrections will be
perhaps most concretely realized by the modular boot-
strap equation around fixed points of finite-order SL(2,Z)
transformations of the conformal manifold. This Letter
forms the starting point of the study of S-duality at large
R-charge.
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FIG. 1. First variation ∆nqn(τ) as function of Im(τ) for fixed values of n (left) and as function of n for fixed values of Im(τ)
(right). The dots are numerical values estimated from localization, the continuous lines are the lqne prediction in Eq. (41).
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